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(Abstract) 

This thesis consists of four chapters. Chapter 1 contains the preliminaries. We give 
the background, notation and some results needed for this work, and we describe our main 
results of this thesis. 

In Chapter 2 we will introduce a class of weighted Bergman spaces. We then will discuss 
some properties about the multiplication operator, M,, on them. We also characterize the 
dual spaces of these weighted Bergman spaces. 

In Chapter 3 we will characterize the reducing subspaces of multiple weighted shifts. The 
reducing subspaces of the Bergman and the Dirichlet shift of multiplicity N are portrayed 
from this characterization. 

In Chapter 4 we will introduce the class of super-isometrically dilatable operators and 
describe their elementary properties. We then will discuss an equivalent description of the 
invariant subspace lattice for the Bergman shift. We will also discuss the interpolating 
sequences on the bidisk. Finally, we will examine a special class of super-isometrically di- 
latable operators. One corollary of this work is that we will prove that the compression of 
the Bergman shift on two compliments of two invariant subspaces are unitarily equivalent 


if and only if the two invariant subspaces are equal. 
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Chapter 1 


INTRODUCTION 


The theory about the Bergman space and the associated multiplication operator on it 
originated from the work of S. Bergman in 1950 [16]. The Bergman space is a typical ex- 
ample of a Hilbert space of analytic functions which possesses a reproducing kernel. Axler’s 
survey paper [7] contains a very nice exposition on the theory of Bergman spaces and the 
natural operators defined on them. Since the proof of the universal dilation property of the 
Bergman shift (See [13] [14]), the Bergman shift has played a very important role in operator 
theory. A concrete description of its invariant subspace lattice will result in the resolution of 
the invariant subspace problem (the most famous open question of Functional analysis and 
Operator theory). The theory of weighted Bergman spaces and their associated multiplica- 
tion operators has attracted the attention of many operator theorists and function theorists. 
Several papers that have been published have investigated other aspects of this area such 
as the compactness and boundedness of the Toeplitz operators and Hankel operators on the 
weighted Bergman space, and the algebraic and analytic relationships between the symbol 
and the Toeplitz operator. Many interesting results can be found in McDonald-Sundberg 
[70], Luecking [61] [62] [63] [64] [65], Zhu [88], Axler [5] [6] [7], Korenblum [54] [55] [56], 
Bonsall [19], Yu and Sun [87], Elias [32], Faour [33] [34], Faour and Yousel [35] and so on. 

The structure of the lattice of invariant subspaces of M, on L?(D) and the properties of 


functions in weighted Bergman spaces has been investigated in several papers. For example, 


S. Richter’s work [73] addresses the unitarily equivalent class of invariant subspaces. Zhu’s 
work [90] concerns itself with similarly equivalent class of invariant subspaces. Hedenmalm’s 
work [40] [41] [43] [44] [45], Horowitz’s work [47] [48] [49], Janas’s work [52], Khavinson and 
Shapiro’s work [53] focus on the factorization of functions, zero sets of functions and the 
expression of invariant subspaces, etc. As spectacular and deep most of these results have 
been, results on the lattice of the Bergman shift have been scarce as it is known that there 
is no simple characterization of it like the famous theorem on the invariant subspaces of M, 
on H*(D) due to Arne Beurling [18]. To get a glimpse why the situation of the Bergman 
space is so different from that of Hardy space we note that there exist in the Bergman 
space z-invariant subspaces J having the so-called codimension n property, for any integer 
n = 1,2,3,---; even for n = oo. Here we say an invariant subspace J has the codimension 
n property if zI has codimension n in J. Existence of such subspaces was discovered by 
Constantin Apostol, Hari Bercovici, Ciprian Foias, and Carl Pearcy [14]. Using Kristian 
Seip’s famous work in [76] [77] that gives complete description of interpolating and sampling 
sequences for the Bergman space L2(D) in terms of densities, H. Hedenmalm gave a con- 
structive proof in [42] of some codimmension 2 invariant subspaces. Alexandru Aleman’s 
papers [2] [3], and Axler and Bourdon’s work [8] construct the codimension n spaces. The 
work on factorization (see [40] [41] [45] [74]) for square area-integrable analytic function, 
permit the expression of invariant subspaces by using the extremal functions. However the 
properties of the extremal functions are scarce; hence, a penetrating characterization of the 
lattice of invariant subspaces of M, on L?(D) is still not available. 

Observing the history of the theory about Bergman spaces and the operators on them, 
we can see that most of the work have been done by using function theoretic techniques, 


i.e., the results have been obtained through the use of hard analysis. In this thesis, our 


results care about through the use of soft analysis and operator algebra techniques. Ronald 
G. Douglas and V. I. Paulsen’s work in [29] and Shunhua Sun and Dahai Yu’s work in [83] 
illustrate the flavor of our work. Before we state the results of this thesis, let’s introduce a 
basic concepts and theorems. 


We will use the following notations, definitions and theorems. 


e We will use H and K to denote the general separable Hilbert space with inner product 
<-,- >, B(H) to denote the set of all bounded linear operator on H, for an operator 
T € B(H), we will use Lat(T) to denote the lattice of all invariant subspaces of T in 


H, a subspace M C H is said to be an invariant subspace of T if TM C M. 


e We say that an operator T € B(H) is normal if TT* = T*T, here T* is the operator 
such that < Tz,y >=< «,T*y > for any z,y € H. If TT* = T*T = 1, we say T isa 


unitary operator. 


e An operator S € B(H) is subnormal if there exists a Hilbert space K and a normal 
operator N € B(K) such that 
(J HCK 
(2) S= N|n 


e An operator S € B(H) is hyponormal if < Sz, Sz > > < S*zxr,S*r > for all x € H. 


e The subspace M C H is a reducing subspace for an operator T € B(H) if M € 


Lat(T) N Lat(T*). 


e Let B be a Banach space over complex field C, B* be the set of all bounded linear 


transformations (i.e. linear functional) from B to C, we call B* the dual space of B. 


e We say that an operator T € B(H) is belong to coo if limn+4.||T"2|| = 0 and 


limns4oo||T*"z|| = 0 for all x € H. 


e C,(H) is the Schatten p-class of operators on a separable Hilbert space H which 


consists of all compact operators T with singular values {An} t29 such that 


1 
P 
IT lp = pag < +00. 


+00 


Note C4 is the class of trace class operators. If {en} <9 is an orthonormal basis for 


H, we define 
tr(T) = Y (Ten En). 


Let’s recall some standard duality result( see [24, Page 8] or [14, Page 2] ). 
Proposition 1.1: The dual space C\(H)* of Banach space C\(H) can be identified with 


B(H). This duality is implemented by the bilinear functional 
< T,K >= tr(TK), T €e B(H), KEC 
In particular, we have that 
ITI] = sup{|<T,K >|: Kec, |Klh <1} 


and 


Al]; = sup{]<T,A >|: Te BH), ||ZI| < 1}. 


e A net {T)} in B(H) is weak* convergent to an operator To means for every K € Cj, 


tr(T\ K) — tr(ToK). This characterizes the weak*-topology on B(H). 


e A dual algebra is a subalgebra of B(H) that contains the identity and is closed in 


weak* topology on B(H). 


e For T, a subset of B(H), we call tT = {K € Cy: < K, S >= 0, S €T} the 


preannihilator of I. 


We need the following result for our further work(see [14, Page 6] for a proof). 

Proposition 1.2: Let X be a complex Banach space and let M be a weak* closed subspace 
of X* with preannihilator +M. Then X/+M is a Banach space whose dual, (X/+M)*, 
can be identified with M. In particular, if M is a weak* closed linear manifold in B(H), 
then C\(H)/+M = Qm is a Banach space whose dual space can be identified with M. 
Under this identification the pairing between M and Qm is given by the bilinear functional 
< T,[L] >= tr(TL), T € M, [L] € Qm, where, as usual, we write [L] for the coset in Qu 


for an element L € Ci(H). 


e Ifz,y E H, we denote by z Qy the rank-one operator defined by (1®y)(u) =< u,y > z 
for every u E€ H. Let M C B(H) bea weak*-closed subspace, and let n be any cardinal 
number such that 1 < n < No. Then M will be said to have property (An) provided 
every nX n system of E TT equations of the form [z; Q y;] = [L;;], 0 < i,j < n, 
(where the [L;;] are arbitrary but fixed elements from Qm) has a solution {z;}o<i<n, 


{yi }o<icn consisting of a pair of sequences of vectors from H. 


e A contraction (i.e., ||T|| < 1, it is a strict contraction if strict inequality occurs) is an 
absolutely continuous contraction if T has no nonzero invariant subspace on which it 


acts as a unitary operator. 


e A(H) consists of all those absolutely continuous contractions T in B(H) for which 
the functional calculus 67 : H®(D) — Ar is an isometry. (Here Ar is the weak* 
closed algebra generated by T and 1, for the definition of r see[14, Page 34]). If n is 


a cardinal number such that 1 < n < No, we denote by An the set of all T in A(H) 


such that the algebra Ar has property (An). 


The following theorem describes the universal dilation property of Ay, operators, for the 
proof see [13] (14, Page 48, 60]. 

Theorem 1.1: (H. Bercovici, B. Foias and C. Pearcy) Suppose T E€ Ay,, and let 
{A;}%o be any sequence of strict contractions acting on Hilbert spaces of dimension less 
than or equal to Xo. Then there exist two invariant subspaces M, N with N C M for T 
such that Tyon is unitarily equivalent to the direct sum ar @A;. 

Here Tmon(z) = PuonT(z), for all z € M © N and Pyan is the orthogonal projection 
from the whole space to MON. 

Proposition 1.3: If T € coo and o(T) = D7, then T € Ayo- 

An operator A is called a unilateral weighted shift if there is an orthonormal basis 
{en : n > 0} and a sequence of scalars {a,} such that Ae, = Q,€n41 for all n > 0. In this 
case, we say that A is a weighted shift with weight sequence {an}. When a, = vo. A 
is the Bergman shift; hence, by Proposition 1.3, we can see the Bergman shift belongs to 
Ax,- Many results can be found about weighted shift in [79] [24]. The following two come 
from [24, Page 53] and will be used in our next chapter. 

Proposition 1.4: A weighted shift is hyponormal if and only if its weight sequence is 
increasing. 

Theorem 1.2: Let {€0,€;,---} be an orthonormal basis for H and let S be a weighted 
shift relative to this basis with weight sequence {an}, where Supnan = 1. The following 
statements are equivalent. 

(a) S is subnormal. 


(b) There is a probability measure v on [0,1] containing 1 in its support such that for 


(a9*++Qn-1)* = fa) 
(c) There is a probability measure v on [0,1] containing 1 in its support such that if p 
is the measure defined on C by 


du(re®) = (27)~'dOdv(r), 


then S is unitarily equivalent to S,,. 

The correspondence between subnormal weighted shifts of norm 1 and probability mea- 
sures on [0,1] with 1 in their support, as described in (b), is bijective. 
Here we have denoted the operator of multiplication by z on the space P?(u) = L?(y) — 
closure of polynomials by the symbol S,,. 

Suppose (X, p) is a measure space and K is a function on X x X. Let T be the integral 


operator induced by K; that is, 


Tfl) = f K(2,y)f(dduly). 


Where f € LP(X,dp). The following theorem gives sufficient conditions for the bounded- 


ness of the operator T on L?(X,dy) in case 1 < p < +00; for the proof see [88, Page 42]. 


Theorem 1.3:(Schur’s test) Support K is a nonnegative measurable function on X x X, 
T is the integral operator induced by K, and 1 < p < +00 with a+ ; = 1. If there exists a 


constant C > 0 and a positive measurable function h on X such that 


f, EDF duy) < Cho)? 


for p-almost every x in X and 
f EEDE Paule) < Chy? 
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for p-almost every y in X, then T is bounded on L?(X,du) with norm less than or equal to 
C. 


In Chapter 2 we focus our attention on the operator M, on P?(ua) where 


1 
da = ————955977 1 A(2) 
['(-2a) lin se | 
with dA(z) = ay We describe when M, = M,, is subnormal; we show(using these 





operators M,,) that the (norm) limit of a sequence of universal dilatable operators is not 
necessarily a universal dilatable operator; and we compute (L?(.))*.(Here L2(p) is the 


space of analytic functions that are L?() integrable.) Note if 


dA, = (—2a) dA(z), 


1 

(1 — jP) 
then some similar results can found in [88]. Note, A, and pg are mutually absolutely 
continuous and their Radon-Nikodym derivatives are bounded above and below. Our duality 
result follows from the similar result in [88]. However, our proof is independent of [88] and 
focuses on the reproducing kernels in L?(.).(We want to acknowledge a helpful discussion 
with Alexander Aleman about this result during a visit of his to Virginia Tech.) Very little is 
known about the relationship between two reproducing kernels when the two corresponding 
measure have such a functional relationship. 

In Chapter 3 we will characterize the reducing subspaces for a multiple weighted shift. 
As a consequence of our work, we get the characterization of the reducing subspaces of 
the operator M,n on L?(D); i.e., the nth power of the Bergman shift. Professors J. Ball 
and W. Wogen were helpful in focusing my attention on this consequence. We get similar 
results for the multiplication operator M,n on the Dirichlet spaces and weighted Bergman 


spaces. For the details, please see Chapter 3. In Chapter 4 we will introduce the class 


of super-isometrically dilatable operators, first discussed in the work [83]. This is a dila- 
tion theory which is different from the one of Nagy-Foias. Sun and Yu developed some 
fundamental properties about this class of operators and used this theory to solve a uni- 
tarily equivalent problem about multiplication operators on Bergman space. In Chapter 
4 we will develop some additional properties about this class of operators. We then use 
the fact that the Bergman shift is a super-isometrically dilatable operator with minimal 
dilation {M-,, M,,, H?(D*)} to study the lattice of the Bergman shift, here H*(D*) is the 
standard Hardy space on the bidisk D? and M, and M,, are the multiplication operators 
by coordinates on H?(D?). We will get an equivalent description of the invariant subspace 
problem and we also discuss the interpolating sequence problem on the bidisk. Our result 
about interpolating sequences uses Seip’s famous work [77]. We will see the interpolating 
sequence problem in the bidisk is much more complicated than that in the Bergman space 
case.(It is easy to see that the interpolation problem in the Bergman space is a special case 
of the bidisk case.) Finally we will discuss a problem about the equivalent class for the 
lattice of the Bergman shift. For the details, please see the last section of Chapter 4. 
The following are our main results in this thesis: 

Theorem 2.2: (Duality of weighted Bergman space) If 1 < p < +00, 3 + } =], &@ <0, 
and p(—2a) > 1, then 


(Li (dta))” = Li(dHa) 


under the usual integral pairing 


< fg >= i. f(2)g(2)dpta(2) 


Theorem 3.3: I € Lat(M.)/N Lat(M?,) iff there exists j with 1 < j < n and there 


exist ig,t1,°°:,%;-1 E {0,1,---,n— 1} such that 
I = Span{Minz, Minz”,..., Minz-1,0 < I}. 


Here Mzn is acting on L?(D). 
Theorem 3.6: Let T be a weighted shift of multiplicity N with weights /a; (see section 


3.1). The following are equivalent: 


(i) There exists a vector a = (aj,42,--+,an) in the subspace 


span{(1, Lares 1),({] Q1.N+1)5 I] QI.N42)°° +, | [ arnan) :n > 0} 
l=0 l=0 i=0 


of the Euclidean space RN such that 


ajfa;, whenever i £j 


(ii) If M e Lat(T)nN Lat(T*), and if P is the orthogonal projection from H onto M, then 


P is a diagonal matriz under the base {e,}°2, and 
P = diag{d,, d2,---,dn,d),d2,---,dn,d1,d2,°+-,dn,---} 
with di = 1 or 0,i = 1,2,-+-,N. 


(iii) M € Lat(T)N Lat(T*) and M F {0} if and only if there exists j with1 < j < N and 


there exist to, %1,°-+,2; E {1,2,---,N} such that 
M = Hiro 8 Hi, PPH; 


here Hi, = span{T'e;,,1 > 0Y. 
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Lemma 3.2: Let T be a weighted shift of multiplicity N on a Hilbert space H, where N 
is finite or infinite. There exist homogeneous weighted shifts Tg for k = 1,2,3,---,M, 
where M is finite or infinite, with weight sequence {\/Axk.n +œ and multiplicity Ny finite 


or infinite, acting on Hilbert spaces Hg such that 
N=N,+No+ N3+---+ Nu 


T=17,01T26136---8Tu 
under the decomposition 
H = Hi P H2 G H3 O---6 Hu 
and for k; 4 k; we have 


{y Akin ai # {y Àk; tai 


Furthermore, for each k the Hilbert space Hy, has a decomposition 
Hi = HP o HP eH? 0- o HOH 
with the following properties: 
(a) For each m, the space HE is a reducing subspace for Tk. 


(b) There exists an orthonormal basis {elk ~ of HW”) such that 


E 
Ak,n 


k, 
Treka = y e 
Note: This says T; acting on H is a weighted shift and the weight sequence does not 


depend on m. Hence it follows that for any Tin) = pale ayer) ikem). 


VJ Àk,nT (n41) with Tin+1) = Dor U 


we have Tktin) = 


11 


Theorem 3.9: For the above weighted shift T on the space H, M is reducing subspace 
for T if and only if 
M +00 i 
M=L OZ OMP 
l=1 


k=1 


where 


Nk Nk 
MË = 15 pE em), if > pik) elem) € ui} 
m=1 


m=1 


and MP is any subspace of the space span{e\*™). 1<m<N,+4+1}7, or 
M = Span{T!M @ TIMP @---@ TUM; 1217 


where the spaces M (1) are the same as before. 


Theorem 4.1: Suppose Mı and Mz are two invariant subspaces for T, a super iso- 
metrically dilatable operator (for the definition, please see Chapter 4) on Hilbert space H. 
Also assume that the minimal super dilated triple is {U,V,K} and that the commutant 
{U,V,U*,V*}' is trivial. Then there exists a unitary operator V from Oı onto Oz satisfy- 
ing VS; = S2V if and only if Mı = M2. These conditions occur if and only if Oi = O2. 


(Here O; = HOM; and S; = Po,T\o,.) 


Corollary 4.2: Let Mı and M2 be invariant subspaces for the Bergman shift on Bergman 
Space L?(D), Let O; = L?(D) © Mj, and Po, be the projections from L?(D) to Oi. There 
exists a unitary operator V from O, to O2 such that (Po,Mz|0,)V = V(Po,Mzlo,) if and 


only if Oi = O2. Obviously these two conditions occur if and only if Mı = Mo. 


12 


Chapter 2 


A class of weighted Bergman spaces and some 
basic properties 


In this chapter, we will first introduce some basic terminologies and definitions regarding 
the weighted Bergman spaces under investigation. We then compute their dual spaces and 
we also study the properties of the operator multiplication by z, M,, on them. Similar 
problems have been studied in many papers such as [88] and [58]. In Section 2 we will 
compute the dual spaces of the weighted Bergman spaces using some ideas of this latter 
work (but adding a new technique). In Section one, we will study the multiplication operator 
M, and compute when M, is subnormal. We will give another proof about the following 
result: 

For the Bergman shift M, if a > 0, then M® is subnormal. In his Ph.D. dissertation 58], 
Li obtained the same result by using moment sequence method and Berger’s theorem [58, 


Theorem 0.8]. 


2.1 Basic definitions and properties 


Let D be the unit disk of complex plane, A(D) be all the analytic functions on the unit 
disk D. For a real number a and a real number p > 0, D? is the space defined by the 


following 


DE = {f € A(D); > [F(R + 1% < +00} 
k=0 
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ee (k) 
where for k > 0 we denote the Taylor coefficients of f by f(k) = DAUN > 0). We define 
a norm on D? by 


flle = (Oo IFE) + 19°F. 


k=0 


Proposition 2.1: The space D?, is a Banach space under the norm || -||,, and the space 


D? 


« is a Hilbert space under the following inner product 


f(z), g(2) >= D F(R)G(R)(k + 1)” 
k=0 
Furthermore {e(z) = ety 0 is an orthonormal basis for the space D2. 
Proof: The proof that the space D? is a normed space is a routine application of Holder’s 
inequality. We need to prove the completeness of the space. Let {f,(z)}7°5 be a Cauchy 


sequence in D?. Since 


| fn(Z) = fm(z)| 
= | 2 (falk) — fin(k))2*| 
oe (Falk) ~ fa(k)(k+1)% reel, | 


k=0 + ) 
(By Holder's ae 


< [|fn(z) — f(z) loll 5 EE. 


zo (k + p7 


sje 


we see that on any compact subset of D, the sequence {f,(z)}*°5 converges uniformly to 

a function f(z). Hence f(z) is analytic on D. It’s not difficult to prove f € D®. It is also 

easy to check D2 is a Hilbert space and that {e,(z) = met! is a orthonormal basis. 
Let D? be the Banach space of all sequences {c,}*°5 satisfying 


+00 
S ler (k + 1)°* < +00 
k=0 
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Now let’s define a map ņ between this space and the space D? by setting 


n({ex}p. = 2 ckz" 
It’s not difficult to check this map is a unitary map between these two spaces. A classical 
result is that (D2 )* = D4 if and only if } + } = 1. Hence, we have 
Proposition 2.2: For the space D? with p > 1, we have that its dual space (D®)* is 
equal to the space D? if and only ifs + i =, 1. 
Now let’s restrict our concentration on the Hilbert space D? and consider the multipli- 
cation operator M, on it. It’s easy to see this operator is a weighted shift with respect to 


the basis e,(z) in Proposition 2.1; i.e., 


Mz€n(Z) = (z rE €nt1(2) 


Using the Proposition 1.4, we have the following result. 


Proposition 2.3: The operator M, on D? is hyponermal if and only if a < 0. Note 
that when a = 0, M, is the unilateral shift, and when a = ~t, M, 1s the Bergman shift. 


For a < 0 let’s consider the measure 


1 
djta(re”’) = T(—2a)fin pee A 


on the unit disk D = {re’?; 0<r<1,0<0@< 2r}. It’s not difficult to check that the space 


L? (du, D) consisting of all analytic functions f on D satisfying 


[Use )Paua(rei#) < +00 
D 


with inner product (f,g E€ L2(pa, D)) 
< FEDI) >= | SEn) 
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is equal to the space D2, and both have the same orthogonal base stated in Proposition 2.1. 
Hence, the operator M, on DŻ? is unitarily equivalent to the operator M, on L2(dpa, D). 


With this last observation we have 


Proposition 2.4: The operator M, on D? is subnormal if and only if a < 0. Note 
that when a = 0, M, is the unilateral shift, and that when a = -%, M, is the Bergman 
shift. 
Corollary 2.1: If M is the Bergman shift; i.e., the weighted shift with weight sequence 
(Ha and a > 0, and a > 0, then the weighted shift M~: with weight sequence 
(2) ace is also subnormal. 

Remark 2.1: The above theorem is proved in [58] by using the Berger’s Theorem [58, 
Theorem 0.8] and an application of the theory of moment sequences. 

Remark 2.2: The kind of weighted shifts described in Corollary 2.1 belong to coo class 
of contractions and using Theorem 6.7 in [24] we see o( M,) = D for each M, on LÊ(dpa, D). 
Hence by Ponosno 1.3, we see that M, has the universal dilation property. 

Remark 2.3: Let’s consider the relationship between all the operators M, on the space 
L?(dpa(ret0), D). At first let’s think of each of these operators as a weighted shift Ma for 


any a on a Hilbert space H with an orthonormal basis {e,,}*29; i.e., 


n+2 


TE (on 
n+1 


) €n41; for all n 


Now all of these multiplication operators are acting on the same Hilbert space H, and it is 


routine to show that 


limy+o-||Ma gi Mo||x = 0. 
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In fact, 





n+2\% 
(edie (z y =) . | a 


Hence, we have 


|| Ma — Mol] = |1 — 2°| 


Hence, Ma approaches Mo uniformly, but their limit, Mo, is not a universal dilatable 


operator. 


Remark 2.4: The weighted shift Mo — Ma belongs to C (H). 


To see this, let T = Mo — Ma; we have 


n+2\° 
na [1 - Cony, Jen 


and an easy computation shows that 


: aJ 2 
Pe = jı- ==) Cys 
n+1 


+00 2 &q Pp 
© h- (= ) | < +00 
mars n+l 


for any a < 0 and p> 1. Thus we have T € C,(7H). On the other hand, Ma +T = Mo; i.e., 








It’s not difficult to prove 





for p > 1, we have 


Proposition 2.5: There is an operator M which has the universal dilation property 
and an operator T which is in C,(H) such that the sum M +T = Mo, such that Mo E Ao 
but not in Axo 
For p = 1, we have a very different result: 

Theorem 1: For any hyponormal coo weighted shift M € Ay (H) and for any weighted 


shift T € Cı(H), fT + M is in A(H), we have T + M € Ay (H). 


17 


Note: The above theorem is a partial solution for the open problem of Hari Bercovici, 
Ciprian Foias and Carl Pearcy in [14]; i.e., 

Problem 10.9. If M € Ax) (H) and K € Ci(H) is such that M +K € A(X), is it always 
true that M + K € Ay, (H)? 
Proof: Suppose Me, = Mmkek+ı and Tex, = tkek+1. Since M E€ Axo: we have T € A(H), 
hence, the functional calculus yy : H®(D) —> Am is an isometry. Hence ||M|| = 1. By 
the Theorem 6.7 in [24] we have o(M) = D. Since T € C,(H), hence tn +m, > ||M]| = 1, 


by Proposition 6.8 in [24], we have 
o(M+T) = {A:|A| < ||M|[} = o(M) 


We only need to prove the sum M + T is belong to coo; i.e., 


l 
liM +o []Gn+s + Mn+s) = 0. 


s=1 
This is equivalent to showing that 
+00 
sod —Thts — Mn+s) = +0 (*) 
s=1 


since M is in cog and T € Cı(H), we have 


+00 +00 
I] Mns = 0° ie: ya — Ms+n) = +00 
s=1 s=1 


and 


+00 


s=1 


hence (*) hold, i.e M +T is still in coo, by proposition 1.3, we are done. 
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2.2 A Duality Theorem 


In this last section of the chapter we define for each a < 0 a measure Ha on the unit 


disk D = {re’® : r>0, 0<6< 2r} by setting 


i) — l 
dualre”) = F(—2ayfin gp TA 


Now let’s consider the space L?(dpalre), D) consisting of all analytic function f on D 
satisfying 

f 11O Pdualre?) < +00 
a natural question comes up 


Do we still have the Duality theorem? That is, is the following result true ? 
(Li (dua, D))" = L3 (dpa, D) 


E eee 
with ptg= [e 
The answer for the last question is affirmative. Before we prove this theorem, let’s set up 
some basic properties about these weighted Bergman spaces. We have the following lemma 


about the reproducing kernels on these spaces. 


Lemma 2.1: If a > 0, there exists a number C, such that 


(n + 1)° 
(+2) + 4)---d+a) <C, 


for all n. 


Proof: It’s easy to prove when a = k a nonnegative integer that 


l (n+1)° 
linn to —  —— =! 
Man (ENT eo) ET 
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On the other hand, for each n, let 





2 tD 
frla) = (1+ 2)(14 2 )---(l4a) 
One shows that 
PRIES : : 
Hla) = fala) (In(n + 1) - —— - (n-1)ta 7 Fa) 


The last result implies that the function fn(a) is increasing; hence, the value of f,(a@) for 


non integer a must be between f,(k) and f,(k + 1). We easily see our conclusion. 


Lemma 2.2: Let 





Ste a Ole ee 
alz w) = €n(z)en = —. 
n=0 n=O (n T De 


For each f € L?(dutg, D) 
f(z)= J POE, w)dpaļlw). 


Here {en(2)} F9 is any orthogonal basis of the space L?(dpa. D). 
The proof of the above lemma is similar to the proof of the similar result about standard 


Bergman space, we omit it. 


Now let’s consider the projection P, defined by 
Paf(2)= | Kalz,w)f(w)du(w), 


It’s easy to see P, f = f for all analytic f in L} (dpa, D) (just consider f(rz) and take the 


appropriate limit). Furthermore we have 
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Lemma 2.3: Fora < 0, the projection P, defined above is bounded from L?” (dpa, D) 
to L?(dua,D) and onto, for p> 1. 
Proof: We will use Schur’s theorem to prove this lemma. Let’s consider the function 
1 
4 
(1 — |z|?) 


where q is a positive real number such that j + } = 1. According to the Schur’s theorem, 


h(z) = 


our result follows if we establish the following two inequalities: 
f |Kalz,w)h(w)dual(w) < Ch(2) 
D 
and 
f \Kalz, w)|h(2Pdpa(2) < Chw 
D 


for some constant C. Since 


1 


dpa(z) = 


we have 


[GK alz, w)ldual2) 











af a re capa” rail 


Interchanging the sum and the integral via Fubini theorem, our last equality is equal to 


x h a- T ooa hey 


Since 
1 1 


“Tin ide) 
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is comparable to mnra when |z| — 17, there is a constant Ca such that 


a-p 
f h(2}P|Ka(2, w)|dpto(2) 
+00 m m 
< Gs >] e UE e AN: 


m201D (m + 1)2(1 — |2|2)@ 41+? 


Recall the inequality in 4.2.3 Theorem [88], we have 


(ala 


aF h(z)PdA(z) < Ch(w)?. 








For 8 > —1 and p(B +1) > 1 let 8 = —1 — 2a and note 


1 — FR T(n+1- 2a) ai 
O-z) 2 nI -2a A 


Hence, 


+00 BS m m 
S S Ale) S Che) 
mil = 2a) (1 7 |z|2)at} +20 


m=0 


We now compare the following two series; 


5 delle” 
(n+ (n + 1)?’ 


n=0 


EL T(n +1 - 2a) 
2 niT(1 — 2a) 


n=0 


|z|"|w|”. 
At first, we can easily see that 


I'(n+ 1— 2a) 
niT(1 — 2a) 
_ (1-2a+n-1)(1- 2a+n-2)---(1- 2a)T(1 — 2a) 
niT(1 — 2a) 
2 (n — 2a)(n — 1 — 2a)---(1 — 2a) 
n! 


--(1 - 2a) 
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Using lemma 2.1, we have 


Ce ee 
Auta a ea 
e Up a 


for some constant Cx and all n, now our conclusion follows. 
Theorem 2.2: (Duality of weighted Bergman space) If 1 < p< +œ, st t = 1, and 
ifa <0, and if p(—2a) > 1, then 
(Lo(dua))” = Li (dua) 
under the usual integral pairing 


< fig >= I f(2)g(2)dpo(2) 


Proof: This follows from the Hahn-Banach extension theorem and the boundedness of the 


projection P, on L?(dug, D). 
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Chapter 3 


On Reducing Subspaces of Multiple Weighted 
Shift 


3.1 Introduction 


Let D be the open unit disk in the complex plane C. The Bergman space, L?(D) 
is the closure in L?(D) of the analytic polynomials. The space, L&°(D) is the weak-star 
closure in L°(D) of polynomials. For a function ¢ € L°°(D), the multiplication operator, 
Mg, is defined on L?(D) as follows: 

(Msf\(z) = o(z)f(z) for any f€ L;(D). 
When ¢(z) = z, we call My the Bergman shift, and when ¢(z) = 2%, we call Mg the 
Bergman shift of multiplicity N. 

We know for the Bergman shift M,, its commutant is D°°(D) (see [24, Page 73, 
Theorem 8.17]). So it is easy to prove that M, has no nontrivial reducing subspace, but for 
N > 1, of course My has a nontrivial reducing subspace, but what do they look like? For 
any given invariant subspace for Mg, can we say if it is a reducing subspace or not? In this 
chapter we will give the characterization of reducing subspaces of M,n on L?(D). When 
N = 1 our result will give the algebraic proof: the Bergman shift has no nontrivial reducing 
subspace. 

At first let’s consider the general case. Let H be a separable Hilbert space, (°° be 


the Banach space of all bounded sequences, {,/a,} be a bounded positive sequence; i.e., 
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there exists a positive number C such that 0 < ,/a;, < C. Now let T be the weighted shift 


of multiplicity N < œ under the orthonormal base en, n = 1,2,--- of H with weight ,/a,; 


i.e., 
Ten = SOn€n+N 
n = 1,2,---. We want to emphasize that the only criterion we need right now on the 


weights for the operator T, is that they are bounded and positive. Their actual value are 
irrelevant at this moment. We are interested in the lattice of reducing subspaces for T. For 


convenience, let 


H =H QH: Hy, 


Where H, = Span{T'ep;l > 0Y, k = 1,2,- N. 
3.2 Theorems and their proofs. 


The theorems in this section are not our main theorems of this chapter, but they 
lead to our main theorems in section 4. 
Theorem 3.1: Assume for the weighted shift of multiplicity N above, that the N vectors 
of the following 
n—l1 
(1, Qk, OKAN+k, OLONFKOIN+K, ***s II QUN+ks***) 
1=0 
k =1,2,---,N are linear independent in I°. We have the following; 
(a) If M € Lat(T)N Lat(T*) and if P is the orthogonal projection from H onto M, 


then P is a diagonal matrix under the base {en}?2) and 
P= diag{d, d2,---,dn, dy, do,---,dn,---,d,,d2,---,dn,---} 


with d; = 1 or 0,1 = 1,2,---,N. 


25 


(b)M € Lat(T)N Lat(T*) and M # {0} if and only if there exists j with 1 <j < N 


and there exist io, 11,°++,%;-1 E {1,2,:+-,N} such that 
M = His P Hi ® +++ @ Hi» 


where H;, = span{T'e;,,1 > 0}~. 
Proof of Theorem 3.1: Since M € Lat(T) N Lat(T*), the operator T can be written as 
A @® B, with respect to the decomposition H = M@ Mt. Hence kerT* = ker A* @ ker B*. 


Since P is the orthogonal projection from H onto M. We have A = PTP = TP. Note 


kerT* = Span{e1, €2,°°-,en}~ 


= kerA* Q ker B*. 


Since the sequence {,/a,}*& is bounded and positive and both M and MŁ are invariant 


n=l 


for T. we have 


H = Span{T'(kerT*); l > 07 


= Span{T'(ker A*);l > 0}~ @ Span{T' (ker B*); l > 0}-. 
Thus, we only need prove that 
ker A* = Span{eiy, €i, Enar 
for some subset {io, i1,- +, ij—1} of {1,2,---, N}. Note j = dim(kerA*). Now let’s observe 
ker A* = Span{ Pe, Pe2,---, Pen} 


and 


ker B* = Span{(1— P)ei,(1 — Phe2,---,(1-— Py)en}-. 
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Thus, for any fixed k with 1 < k < N, we only need to prove Pe, = ex or 0. Since 
T* Pe, = PT*e, = 0, 


and 


T*(1— Pe, = 0, 


we can suppose 


Pek = Ykae1 + Yk 2€2 +°°° + Yk,kek t'e + Yk, NEN 


and 
(1 — P)ek = fkie1 + fk2e2 ++ fkkek ++ fk Nen. 
Hence, 
N 
ek = X (Yri + fea dei- 
1=1 


This implies that y,, + fk, = land yki + fki = 0 for k #2. Hence, 
(1 — Plex = —yYkae1 — +: + (1 Yk k)ek - °°: — Yk,NEN 
For any l > 0, the vector T! Pe, is perpendicular to T'(1 — P)ep. Hence, 
< T'Pe,,T'(1 — Pye, >= 0. 


We now see that 


N 
XO uril? = Yai 
t=] 
and 
N li-l [—1 
YT] onti)lykil? = yrl] [ aN) 
i=1 j=0 7=0 
for l = 1,2,---. Obviously, y,, is a real number. If yk, = 0 , we have yk; = 0 for any t. 
.{2 
Hence, we have Pe, = 0. If ykk £ 0, let z; = Ina We have 


N 
> =l 
:=1 
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and 
N l-1 [= 


YC] onside: = LT] ogni) 
(8) 


t=1 7=0 j= 


for l = 1,2,---. By assumption the N vectors 


n-1 
(1,05, QjAN+j, QjAN+jQ2N+j; "> II QuN+5,°**) 
l=0 


j = 1,2,---,N — 1 are linear independent; hence, the above linear system has at most one 
solution. It is easy to see there is a solution which is x; = 0,---, gẹ = 1,---,2n = 0. Hence, 
we have Pe, = ex, thus (a) is proved. 


(b) follows from (a) easily. 


Theorem 3.2: Let {àn} be a positive sequence such that ‘bon bounded and bounded 
— A pamm eee 
below. Let Te, = Vinge: For each l = 1,2,---, N let 


H, = Span{TN "e,m > 0}7 


Assume there exist integers kı, k2,---,kn > 0 such that 


Ay A2 A3 AN 
kıN+1 kı N+2 k N+3 kı N4N 


Ai 7 Mies ge. LAN |e 
k2N+1 Àk N+2 Àk2 N43 Aka N4N 


À] A2 A3 AN 
kn1N+1 kn-1N+2 kn—1N+3 knw-1N4+N 
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or, 


1 1 tee ee. coz sal 
Aki N+1 Aki N+2 Aki N43 Aki N+N 


1 1 SOENT 1 
Àk N41 Ako N42 Aka N43 Ako N4N 
40 


1 1 1 7 1 
Aky N41 kn N42 Akn N+3 AknyN+N 


For the P and M we have the same conclusion as in Theorem 3.1. That is, 
(a) If M € Lat(T’ )n Lat((T% )*), P is the orthogonal projection from H onto M, 


then P is a diagonal matriz under the base {en}; and 
P= diag{d,,d2,---,dn,d,d2,---,dn,---,d1,d2,---,dn,---} 


with d; = 1 or 0,2=1,2,---,N. 
(b)M € Lat(T’) nm Lat((T’)*) and M £ {0} if and only if there exists j with 


1<j< N and there exist io, i1,---,i;-1 E {1,2,---,N} such that 
M SHa 9 Hi p PED Mirz 


here Hi, = span{T'e;,,1 > 0}~. 
Proof of Theorem 3.2 For the operator TY, the corresponding N vectors are 


9 9 9 9 F 
An+j A2N+j  AnN+j 


(1 


Jj = 1,2,---,N. The hypothesis about the determinants force the above N vectors to be 
linear independent in /°. Hence, we have the conclusions of this theorem by using Theorem 


3.1. 
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Now let’s focus our attention on the Bergman shift of multiplicity N, M,n, First 


we need the following result on Vandermond determinant. 


Lemma 3.1: Let x; and y; be any variables, where i = 1,2,---n andj = 1,2,---n. 
We have the following: 


(z1 — yo)(Z1 — y3): +- (z1 — yn) (z1 — yn (21 -- ya) (£1 — Yn) os (zı — yt (21 — yo) +++ (21 — Yn~1) 
(x2 — y2)(z2 — y3)---(@2 — yn) (z2 — yx (22 — y3)--- (£2 — yn) = (@2 — y+) (22 — y2) +++ (£2 — Yn-1) 
(x3 — y2)(v3 — y3): +- (£3 — yn) (z3 — yı (v3 — 3) +++ (£3 — yn) =- (z3 — yı)(z3 — y2)--- (T3 — yn-1) 
(an — y2)(£n — y3) (Tn — Yn) (tn — y1 )(En — y3) (Tn — Yn) oiga (tr — y1)(En — y2) (En — Yn-1) 


= (-1)°" 1/2 (21, 22, etn) €/? (yr, yo, +++ yn) 


Here E1/2( 24, 29, “++, £n) and E21, yo, -++,Yn) are the Vandermond determinants deter- 
mined by 21, 22,-+-,2n,and 41, Y2,°--, Yn respectively and C? = CEE 
Proof: Let D, be the value of the determinant above. If z; = x; for some i Æ j, then 
Dn = 0, hence D, is divisible by z; — 4;. Note also, by definition, 
E? (x1, £2, En) = J] (2-25); 
1<i<j<n 
hence, Dp is divisible by £'/?(21,22,---,@,). Similarly D,, is divisible by €1/2(4, yo, +++, Yn). 


Computing (as a polynomial) the degree of D, and the degree of 


EU2 (z1, 25°" "5 tn )E/?( yy, Yras° °°, Yn)s 


we can easily see they are equal. Hence, there is a constant C such that 


Dr =C. E2 (1, T2, `, En JE! (an, Y2; "5 Yn). 


30 


Now let 21 = y¥1,22 = Y2,***, £n = Yn. In this case 


Dn = 
(yı — y2)(y1 — y3) --- (y1 — yn) o ee o 
0 (y2 — y1)(y2 — y3)++-(y2-—yn) = o 
0 0 Same (yn — y1)(yn — y2): -+ (Yn — Yn-1) 


= (-1)-@E(y1, 425°" Yn) 
Hence, we have 
2 
Dn, = (1) O(a, T2,°°° ,£n)E!? (y1, Ya," '; Yn). 


Theorem 3.3: For the Bergman shift of multiplicity N, M,n, I € Lat(M,n) N Lat(M*n ) 


iff there exists j with 1 < j < N and there exist io, i1,---,t;-1 € {0,1,---,N — 1} such that 
I = Span{Minz, Minz",..., Min 24,0 < J}. 


Proof of Theorem 3.3: In Theorem 3.2, let Àn = n for n = 1,2,3,---. The Bergman 


shift Mz is unitarily equivalent to the weighted shift 


[on 
Mzen(z) = aye?) 


Note en(z) = f/nz""!,n = 1,2,--- is the orthogonal base for the Bergman space L?(D). 
The appropriate determinant for the operator M,n = (M,)% (to apply Theorem 3.2 to it) 
is 

i+ 1 


DOT ae 1 


)NxN- 
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Its value is 





1 1 1 1 
1 2 3 N 

N+1 N+2 N +3 N +N 
= 1 2 3 N 
2N +1 2N +2 2N +3 3N 


| 1 2 3 N 
| (N=1)N+1 (N=1)N42 (N-1)N43 °° (N-1)N+N 


Subtracting the first column from every column, we have 


i+1 
Det( —————_) nxn 
1 0 0 0 
1 1-1-N 2:1-N oa N~1)-1-N 
N+1 (N+2)(N+1) (N+3)(N+1) 2N)(N+1 
= 1 1-2-N 2.2.N PEN N-1)-2-N 
2N+1 (2N+2)(2N+4+1) (2N+3)(2N4-1) 3N(2N+4+1 
1 1-(N-1).N 2(N-1)N 0. (N-1)(N-1)-N 
(N-I)N+1 ((N—-1)N+2)((N—1)N-+1) ((N-I)N+3)((N-1)N-+41) N2((N—-1)N+41) 
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= 
+ 
v 
z 
+ 
Ww 
z- 





wv 
z 
N 
bo 
2 
+ 
w 
(wy) 
s- 


= NN-I{(N — DPL Ga 


1 


1 
(WNF (N=1)NF3 NF |y-ayx(-1) 


and by the last lemma, we have the last quantity 


N-1 N 
(1) NN-1 / z TEE x: PE 
= (—1) N- NATIN — 1)PE P(N, 2N,..., (N — 1)N )€1/( 2, —3, ... ¥) Tl Wim 


l=1 i=1 
#0 
(Where €1/2( 24, £2, 5 ©N-1) £ 0 iff z; # £j, when i £ 7), and since 


ker Mon = Span{1, M Eses anre 


We are done! 


3.3 Other Spaces 


Let A(D) be all of the analytic functions on the unit disk D, and a be a real number. 


Recall the following space 


D2 = {f € A(D); Y” ÅK)? (k + 1) < 00} 
k=0 


4 (k) 
where f(k) = ta OE (k > 0), the Taylor coefficient of f, equipped with the inner product 





(f.9) = Y Ak) -FO (e+ 1) 


k=0 
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is a Hilbert space. We easily see that for a = 0, this space is the classical Hardy space. For 
a= -#, this space is the Bergman space; and for a = 5; this space is the Dirichlet space. 
Furthermore a routine calculation shows that the space D2 has an orthogonal base {e,(z) = 
ee o We are interested when the operator M,n on these spaces D? have the same 
reducing subspaces as the Bergman shift, We just check the appropriate determinant like 


that one in the proof of theorem 3.2. At first let’s consider the corresponding system of 





equations: 
n—1 . 
l i+ 1)2“la;|? l k+1)%2 
py a k EENT Ci = l= 0,1,2, 
= (cdi) (k + 1)*° 
It is natural to evaluate the associated determinant: 
= (In + 2+ 1) 
Dr(a) = Det( G TIe rxn 
| 1 1 1 A 1 
Gr e ear = Cer 
= (2H ye ( 22220 (s PAN (22) 


(n—1)n4+1 )2a (n—1)n+2 \2a (n-1)n+3)\20 |. (n—1)n+7 \2a 
SS eS) ee =) 


Note in the Hardy space (a = 0), we have D,(0) = 0 if n > 1. At this time let us note 
that for the shift M,n on the Hardy space there are other kinds of reducing subspaces than 


described previously. For example, the following invariant space 


Span{Mznp(z);! > 0} 
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Where p(z) is a polynomial with deg(p(z)) < n. For the Dirichlet Space let a = 7 we have 


1 Int+itl 
D,(=) = Det(—————) nxn 
(5) = Det( ax 
1 1 1 tee 1 
nti n+2 n+3 ntn 

1 2 3 n 

= 2n+1 2n+2 2n+3 3n 
1 2 3 n 


(n—1)n+1 (n—1)n+2 (n-1)n+3 (n—1)n+n 
1 2 3 


n 


Subtracting column z from (7 — 1) for i = 2,---,n, we see 


aT 32 TR 
—2n —2n —2n 
1 21 32 n(n—-1) 
Dr(5) = = 0 
-(n-1)n -(n-1)n = (n—1)n 
2-1 3-2 n(n=1) |(n-1)x(n-1) 


From this result, we see that when n > 2, for the multiplication operator M,n on the Dirich- 
let space, our method of the proof for the structure of the reducing subspaces is not valid. 
We are interested in the range of a when D(a) # 0 for n > 2. Before we continue discuss 
this, let’s introduce a new concept about orthogonal projection on these kinds of spaces. 

Definition: Let I be a subspace of D?, and let P be the orthogonal projection from D2 


onto I. If for each integer k > 0, we have Pz* = z* or Pz* = 0, we then say the projection 


35 


is a nice projection and I a nice subspace. 


Now we have the following theorem: 


Theorem 3.4: Consider the Space D2 and the multiplication operator M,n. For 
any I € Lat( Mzn) N Lat( Mz, ), the following are equivalent: 
(a) I is a nice subspace; 
(b) The projection P from D? onto I is a nice projection; 


(c) There is 0 < j < n and ig, t1,---,i; E {0,1,---,n—1} such that 
I = Span{M!n2, Mlnz” ,..., Mln, 0 < I}; 


Proof: By our definition, (a) and (b) are the same. 

If (b) is satisfied, since I is a reducing subspace of M,n a similar proof like that in Theorem 
3.2 shows (c). 

If (c) is satisfied, for any k > 0, there are two nonnegative integers / and s such that 
k = lIn + s. We can easily prove that if s is not in {%9,71,---,i;}, z* is perpendicular to 
space I and if s is in {io, i1, +++, i;}, z € I. Hence, we have Pz* = 0 or Pz* = 2*; i.e., (b) 


is satisfied. We are done. 


Theorem 3.5: For the Space D? and the multiplication operator M,n, if the deter- 
minant D (a) # 0, than every I € Lat( Mn) N Lat( Mn) is a nice subspace. 
Proof: The same as Theorem 3.2. 
Corollary 3.1: For the Hilbert space D? if a £ 0 the operator M,2 has only two nontrivial 


reducing subspaces; they are Span{M!, -1;1>0}7 and Span{M!, z;1 > O}-. 
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Remark 3.1: It is natural to ask if the condition D Æ 0 in Theorem 3.2 is necessary. 
The following example shows that it is not. 

Consider the Dirichlet space and the shift M, on it. According to our previous 
computation, we have D(s) = 0. But at this time, we still have the same conclusion as 
theorem 3.1. 


To see this consider the following three vectors: 


(1,4,7,---,3(n—1)4+1,---) 

(1,5/2,8/2,---,(3(m — 1) + 2)/2,---) 

(1, 6/3, 9/3,---,(3(m — 1) + 3)/3,---) 
It’s easy to prove the above three vectors are linear dependent. Hence all of the determinants 
like specified in theorem 3.2 are zero. Now let P be the projection such that PM,3 = MP. 


Suppose Peo = agpeo + a1€1 + aze2. Using our previous argument, we have the following 


system of equations: 
[ao]? + Jar)? + a2]? = ao 
5 6 
4|ao|? + zlea? + glaal” = dao. 
Multiplying the first equation by 4 and subtracting the second, we get 
3 6 
zlea + zlazl’ =Q. 


This forces ay = 0 and ag = 0. Hence ap = 0 or 1; i.e., Peg = €9 or 0. Similarly we can 
prove Pez = e2 or 0. Now suppose Pe, = Qo€o + a1€1 + Q2€2. If Pep = 0 and Pez = 0, then 
the equality P? = P implies Pe; = e; or 0. Similarly for the case Peg = €9, Pez = 0 and 
the other two cases. Hence for each i = 0,1,2, Pe; = e; or 0. The conclusion of Theorem 


3.2 is still true. 
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Remark 3.2: Our Theorem 3.1 and its proof are also valid for the case N = +o, 
To see this first note the weighted shift of multiplicity infinity can be written the following 


form: 


T=T,0T20:--OT @-- 


under the decomposition 
H= OHP DHD: 


Here H, is a separable Hilbert space with orthogonal base {e4 n} S9 and T; is a weighted 


shift of multiplicity one with weight {Akn} 2. That is, 


Thekn = yY Akn€k,n+1- 


If the following set of vectors 
n 
(L, Ajis Aj 1Aj2 AgaAg2A5,89 °°» LI A 
k=1 


j = 1,2,--- is linearly independent set in the space /. and if P is a orthogonal projection 


such that PT = TP, then P is a diagonal matrix with the following form 
E RoE a 


Here P, = diag(d,, d2,---,dn,---) using the basis €k,1, €%,2,°°+,€kn,***. It is easy to see the 


other conclusions of Theorem 3.1 are valid. 


3.4 The construction of reducing subspaces 


From section 3.2, we know that the determinant condition stated in Theorem 3.2 let 
us obtain the complete description of the reducing subspace of the Bergman shift of mul- 


tiplicity N. However, we have described the lattice of reducing subspaces for the Dirichlet 
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shift of multiplicity 3, even though the corresponding determinants are zero. In this sec- 
tion we work towards a characterization of the lattice of reducing subspaces for a general 
weighted shift of multiplicity M. Consider U, the unilateral shift of multiplicity N. That 
is, 

K=~H@O@HGH@HS::-. 


Where H a Hilbert space and N = dim(H) and for any x = (21, £2, %3,-++) E€ K we have 
U(x) = U(21, £2, £3,**:) = (0,21, £2, £3,°°°). 
In [39] Paul Halmos showed that every reducing subspace has the form 
M=MEMOEMOM-.--- 


for any M, a subspace of H. (We will call a reducing subspace of this form a Halmos style 
reducing subspace.) 

We now turn our attention to a characterization of reducing subspaces for a general 
weighted shift of multiplicity N. We note that Alan Lambert in [57] obtained are descrip- 
tion of this lattice (description is in operator algebra terminology for an operator-valued 
weighted shift). In [60] Fang Lu gave a characterization of this lattice for a weighted shift of 
multiplicity N where the sequence of weights is eventually constant. The following theorem 


gives a new description. 


Theorem 3.6: For the weighted shift of multiplicity N described in section 3.1, the follow- 


ing are equivalent: 


(i) There exists a vector a = (a1, 42,---,an) in the subspace 


n n n 
span{(1, pre 1),({] QI.N+15 I] QI.N429°° "5 I] Qi.N4N) n 2 0} 
i=0 l=0 l=0 
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of the Euclidean space RY such that 
a; faj, whenever i$j 


(ii) If M € Lat(T) N Lat(T*), P is the orthogonal projection from H onto M, then P is 


a diagonal matrix under the base {e,}°2, and 
P= diag{d,, d2,---,dn,d,,d2,---,dn,°--,d1,d2,°+-,dn,---} 
with d; = 1 or 0,2 = 1,2,---,N. 
(iii) M € Lat(T)N Lat(T*) and M # {0} if and only if there exists j with 1 < j < N and 
there exist io, 11,---,2; E {1,2,---,N} such that 
M = Hi, © Hi, $: 9H; 
here Hi, = span{T'e;,,1 > 0Y. 


Proof: We first establish that condition (i) implies (ii). As in the proof of theorem 3.1, 
let M € Lat(T) N Lat(T*). The operator T can be written as A @ B, with respect to the 
decomposition H = M @ Mt. Hence kerT* = kerA* 6 ker B*. Since P is the orthogonal 
projection from H onto M, we have A = PTP=TP. Note 

kerT* = Span{ey, €2,---,en}~ 


= ker A* @ ker B* 


Since the sequence {an}; is bounded and positive and both M and M+ are invariant 


for T, we have 
H = Span{T'(kerT*); 1 > 0}7 
= Span{T'(ker A*);1 > 0} © Span{T'(ker B*);1 > 0}-. 
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Thus, we only need to prove that 
ker A* = Span{eig, €i,,°**+€i;_,} > 
where j = dim(kerA*) and io, 71,---,7;-1 E {1,2,---, N}. Since 
ker A* = Span{ Pe, Peo,---, Pen} 


and 
ker B* = Span{(1 — P)e1,(1— Ph)e2,---,(1- Pyen}-, 
for any fixed k with 1 < k < N, we only need to prove Pe; = e; or 0. Since 
T* Pex = PT* ex = 0 
and 
T*(1- Pye, = 0, 
we Can suppose 
Pek = Yk1€1 + Ye2€2 +*+ Yk, kek ttet YR,NEN 


and 


(1— Pyex = frrer + fk2e2 +t t+ fkkek +t + fk, NEN- 


Hence, 


N 
ek = > (Yki + Sei dei- 


i=l 


This implies yk, + fk,k = 1 and yki + fei = 0 for k # i. Hence 
(1 — P)ek = —yk161 — °° + (1 — yer ek — +++ — Yk, NEN 
and for any l > 0, T’ Pe, is perpendicular to T!(1 — P)ex. Since 
< T' Pex, T'(1— P)ex >= 0 
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we have 
N 
So lynal? = Yee 
i=1 


and 


N l-1 [—1 
SOL] eins) lye? = yee | [ opus) 
0 


1=1 7=0 j= 
for l = 1,2,3,---. 


Since there exists a vector a = (a), @2,---,a@n) in the space 
n n n 
span{(1,1,---,1),([[ orny, [[ oN42 +, [[orntn): n > 0} 
l=0 i=0 I=0 
with a; # a; whenever i Æ j, and because all of these numbers are real, we can suppose 


a, > @g > a3 >--- > an. Now we have 


N 
XO lukal = yee (1) 
1=1 


and 
N 


X ailyeal? 


i=1 


akYk,k (2) 


Now for k = 1, let’s prove Pe; = eı or 0. That is, we will prove yıı =0 or land yi; =0 
when i # 1. Multiplying equation (1) by a, and subtracting equation (2), we have 

N 

dla = ailu? =9 (3) 

t=2 
Since a, > a; (hence a, — a; > 0), we obtain y1; = 0 for i = 2,3,---, N. Using equation (1) 
again we have y,1 = 1 or y1ı = 0. That is, we have Pe, = e; or 0. Since P is self-adjoint, 
we yi1 = 0 for 2 = 2,3,---, N. Now for k = 2, we have 


N 
Xyz? = 92,2 (1) 


t=2 
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and 


N 
So ailyeil? = a2y22 (2) 
t=2 


Noticing that a2 is the largest in the set {a2,a3,---,an}, we use a similar argument to 
obtain y22 = 1 or 0 and y2; = 0,y;,2 = 0 for i 4 2. This method of proof is clear. Hence we 
have y;; = 1 or 0 and y; ; = 0 for i Æ j, so (ii) is true. 

(ii) implies (iii) is obvious. 

(iii) implies (i): 

We will use method by contradiction to do this. At first let’s prove the following claim, 
Claim: If there exists a vector b = (bj, b2,---,bn) in the space 


n n n 
a EE E E ET 
l=0 l=0 l=0 


such that b; # bı for any i,l > 1 and i £ l then condition (i) is satisfied. 
To see this, let A = (¢1,1,€1,2,***,€1,Ņy) be a vector with c11 Æ ¢1,2. Let cı, be the last 
index such that cy; # cı whenever 7 Æ l and i,l < k. We know 2 < k. If k = N, we are 


done. If not, we have cy 4,41 = ¢1,; for some 7 < k. Now choose a vector 
0 
BO) = (bk+1,1, ER bk+1,j> ae bk+1,k+1> PES, ,bk+1, N) 


where bk+1,j Æ bk+1,k41. Let 


a =c+6- ae 


where 6 is a number such that [|6 - b441,1| < kd for! < k + 1, and d= min{d,,d2} where 
dy = min{|c1i— cial: i 4 1,2,1 <k}, 


də = min{|c1,i = C1, k+1| a) 7 Jyt < k}. 
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At this time for any 1,1< k + 1, with i £ l and (7,1) # (j,k + 1), we have 


Ic! (1) 7 


T — ĉii 
= lcii + óbk+1i goal 2 i bk+1,| 
2 
> |e1,5 — €1,1| — zd 


2 1 
> d— -d= -d >Q. 
i 3 3 


We have for (i,l)= (j,k + 1) 


(1) _ 0) 


lc jT ĉl kial 
= [cij + óbk+1,j — €1,k+1 7 Öbk+1,k+1 


= ô|bk+1,j — bk+1,k+1l > 0. 


Using induction and this last argument, we may obtain a vector cj such that all of its 
coordinates are distinct from each other. Hence condition (i) is satisfied. 

Now we turn to the proof that (iii) > (i). Suppose condition (i) is false. From the claim, 
we may suppose for convenience the first two coordinates are equal for any vector in that 
space. We will construct an reducing subspace which is not of the form stated in (iii). In 
fact, let 


1 
M = span{T'(5(e1 +e2)):1>0}-. 
Since for any n, | [jxp @..N41 = [[i-0 G1. +2, We have a).y41 = Q).N42 for any l > 0. Hence 
VJALN+1 = /ar-n+2 for any l > 0. Thus, we have 
T(€1.N41 F e1.N+2) E VAIN +16 €(141)N41 T E(l41)N+2) 


for l = 0,1,2,---. It’s not difficult to show M is a reducing subspace of T, but it’s not a 


type in (iii). This is a contradiction. Hence we are done. 


44 


Remark 3.3: The theorem 3.6 and its proof are also valid for the case N = +00, 
let T and H be the same as in Remark 3.2. hence the condition (i) becomes 
(2'): There exists a vector a = (a1, @2,-++,@n,+--) in the space 
span{(1, So Ke l; y I A1,k> II A2,k a ay II Nik mes -) n > 1} 
k=1 k=1 k=1 


in the Banach space /™ such that 
a; aj, whenever i £j. 


For the proof of the corresponding claim, just be careful to choose the 6 such that the 


n 
necessary sequence cf ) converges. 


Remark 3.4: It’s not hard to see our determinant condition and linear independent 
condition are special cases of condition (i). So the Theorems 3.1 and 3.2 are special cases 
of Theorem 3.6. 

As a consequence we have 
Theorem 3.7: For the Space D? with a # 0 and the multiplication operator M,n, I € 
Lat( Mzn) N Lat( Mn) iff There exist 0 < j < n and ig,i1,---,2; E {0,1,---,n — 1} such 
that 

I = Span{ M!nz® , Mln", ..., Mla 2,0 < IY; 
(When a = i, M, is the Dirichlet shift and when a = 4, M, ts the Bergman shift.) 
Proof: From the definition of M; on DŽ, (see chapter 2), we can see the condition (i) is 
satisfied. 

Remark 3.5: In the last part of the proof in theorem 3.6, the choice of the vec- 


tor der + e2) can be any vector in the space span{e,,e€2}, hence for any subspace in 
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N € span{e;, 2} the space span{T!N;1 > 0} is reducing subspace of T. 


Now it’s time to characterize the reducing subspace for general weighted N shift 
T, in order to do this, let’s generalize the Halmos’s result about the unilateral N shift we 
mentioned before. The following result will be our another building block for describing the 


reducing subspaces. 


Theorem 3.8: Let T be a weighted shift of multiplicity N as defined in Remark 3.2. 
Suppose {\/Ag n} = {VAn} for alli and k. We have M € Lat(T)N Lat(T*) iff M 
is Halmos style reducing subspace. 
Proof: Let I be the N x N identity matrix and H(,) = Span{exn,k > 1}~. Hence, under 
the decomposition 

H = Hay © Ai) ® Har 


T has a matrix form 
0 Ayal 0 0 


0 0 M2 0 
0 0 0 Aal 


Now for any projection P, with matrix form under the same decomposition 


Pu Pi2 Piz 
Py, P22 Pag 


Pazi P32 P33 
by using a routine matrix computa;ion, we have that TP = PT and P = P* iff 


P == Py ® Poo @ P33 @--- 
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and all Pan (for n > 1) are the same. Hence, we are done. 

Remark 3.6: For convenience, let’s call an operator in Theorem 3.8 a Homo- 
geneous Weighted Shift with roultiplicity N. When N = 1, it becomes our ordinary 
weighted shift. Of course we allow N to be infinite. 

Now we have the following lemma: 

Lemma 3.2: Let T be a weighted shift of multiplicity N, where N may be infinite. There 
exist homogeneous weighted shifts T;, fork = 1,2,3,---,M where M can be infinite with cor- 
responding weight sequences {Akn} c and corresponding multiplicity Nx finite or infinite 
such that 


N=N,+No+N3+---+Nu 

T=1T, €@T26736---STu 
under the decomposition 

H = Hı $ H2 O H3 G--- 3B HM 


and for k # i the weight sequence {\/Akn}t25 does not equal the weight sequence {/Ain h S 


Furthermore, we may express each Hk 


H, =H” oH? OHE a-o nH 


where ui”) = span{el™). n > 1} and T,eh™) = Jaane) is independent on m. 


Hence, we have that for any £in) = DAF BEM ™ we have Tyt(n) = VAk,n®(ngi) with 
k, kym 
Zin+1) = DAA : et 


Proof: Suppose T = 5; @ S2 @---@® Sy under the decomposition H = Hı $ H2---@ An, 


where each Sẹ is a weighted shift with multiplicity one on H, and 


DkEk n = VSkn€kn+1 
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where {ekn} S is an orthonormal base for Hy. Now if Sẹ and Sẹ have the same weight 
sequence, we collect both of them together as one homogeneous weighted shift acting on 
the sum of their Hilbert spaces H, and Hy. It’s easy to prove that our decomposition is 
well defined and the multiplicity cf each homogeneous weighted shift is the number of Sy 


which has been collected together in the homogeneous weighted shift. It’s easy to see our 


classification satisfy all the other conclusions of the lemma. 


For the rest of this chapter we only study the direct sum of homogeneous weighted shifts. 
According to the last lemma, this is equivalent to the study of general multiple weighted 


shifts. Now fix the weighted shift 
T= 012013 6::--G61mM 
acting on the Hilbert space 
H = Hı H2 O H3 Q- HM 


where each Ty is a homogeneous weighted shift. The following is our second main result of 


this chapter. 


Theorem 3.9: Fiz a weighted shift T acting on a Hilbert space H as stated in the preceding 
paragraph. M is reducing subspace for T if and only if M satisfies one of the following two 


conditions: 


(i) 


T l=1 : 


=1 
where 


Nk Nk 
l k ım) (k,m)_. kım) (km 1 
Me =A) esis DO Bee e Mg) 
m=1 


m=l1 
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and M is any subspace of the space span{ef™; 1<m< NY 
(ii) 
M = Span{T}M;” P Tim’) P-e T} M; 1>0}- 
where the Mw) is a subspace as stated in (i) for 1 <k< M. 
Proof: The sufficient part is obvious. We prove the necessity. As in our previous proofs 


we compute P, the projection from H onto M. From the definition of T, we know 
oe (k,m), = 
kerT* = Span{e;” 7; k,m>1}-. 


Since M is reducing subspace for T (Thus, PT* = T*P, which in turn implies kerT™ is 


invariant for P), and since 
M = Span{T'( PkerT*);1 > 0Y. 
Hence we need only to compute P|z.,-7+. Note 


kerT* =kerTy @kerTy @--- kerTx, 


= span{e\™). m>1}"@ span{e\?”™); m>1}° p9 span{e\M™). m> iy. 


We prove PkerT; C kerT;, for k >: 1 at first. For any ze € kerTě with 


Nk 


k kım) (k,m 
ot) = 3 aae 
m=i 
we have 


1 (k) — pl. (k) 
tay = Fee) 


= \/Ak,1Ak,2 °° Mele) 
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a me n for l > 1. Suppose 


where i = = pala 
(i 2 (M) 
Pe) = voy @ YG} ® °° Ya) » 
We have 
k k 
(I-P) = -uo (-¥{}) @---@ (-¥ft) ?) @ (-uf 1) @ e (-9f)) @ (24 = 9G) 
Noting that 
l pa(k) ml (k). — 
<T Pray T (I — P)t 04) >= 0 
for | > 0, we have 
sy) (K) 8) 
2 laa II? =< Yap T (1) 7 

5 (m) (k) 

Sd Am Dll” = JI Àk) < Yay (1+1) > 

m=1 n=1 n=1 

For l > 1, it’s not difficult to see < TR (41) >=< Ioi A > and ele = llug. 
For l > 0, by the construction of T we see the space 
eh [L Ai [] A25 -II Amk) in > 1} 
k=1 k=1 
-++,aM) 


span{(1, 1, 
satisfies the condition of the claim i1 Theorem 3.6. Hence, we have a vector (a1, a2, 
> ’ 
? 


in this space such that a; # a; whenever 2 # j. For convenience, let’s suppose a, > az > 


az >---. Hence, we have 
om) (E) (E) 
m)j2 
` lyt) | =< Yayo (1) > 
m=1 
Z (m) (k) p(k) 
2 Galaga IP = ar < yita) > - 
m=1 
Thus for k = 1 we have yí ) = 0 for m > 2. That is Pri) € kerTy. Since i, is arbitrary, 
we have P(kerT;') C kerT{ and since P* = P we have 
--®@ kerTyy. 


P(kerTZ) C kerTy @ kerT3 @ 
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For k > 2, and for any cee we have the corresponding vi} = 0. Hence, we have 


(m) 2) 40), 
> Ila” II? =< yaj t0) > 


m=2 


D m) 2) 0 
y amliy P= = @2 < Ua (1) >. 


m=2 
Since az > a3 > ---, we have Te = 0 for m > 3. That is, P(kerTy) C kerTš. Again 


noting P* = P, we have 
P(kerT;) C @kerT3 © KerTy ®---@ kerTyy. 
For k > 3, repeat this argument again to obtain 
P(kerT;) C kerT;, for any k>1. 


Hence, 


Pleert* = Py 6 Po @--- Py 


and each P, is an orthogonal projection on kerT’. We are done. 
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Chapter 4 


Super-Isometrically Dilatable operators and 
Bergman Shift 


4.1 Introduction 


Let K and H be Hilbert Spaces, and as before, B(H) and B(X) denote the sets of all 
bounded linear operators on H and K, respectively. A pair of operators U and V in B(K) 
is doubly commuting if UV = VU and UV* = V*U. A bounded linear operator T in B(H) 
is super-isometrically dilatable if there exists a pair of doubly commuting isometries U and 


V on a Hilbert Space K D H such that 
i) PyU'V | =T, for any i, j>0 
and 
ii) U*|y = V*In = T*. 

Here Py is the orthogonal projection from K onto H. The triple {U,V,K} is said to be 
a super-isometric dilation of T. The triple {U,V,K} is said to be minimal if K is the 
minimal common reducing subspace for U and V that contains H. More details about 
super isometrically dilatable operators can be found in [83]. Let L2( D) denote the standard 


Bergman space of all analytic functions on the open unit disk D in the complex plane C 


that satisfy the integrability condition 
1 
2 
ills = (f Peale)” < +o 
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Here A denotes area measure in the complex plane C, normalized by a constant factor: 
dA(z) = drdy/rt, z=z%+ty. 


Let H?( T?) be the Hardy space on the polydisk D? with the Haar measure o on the torus 
T?, the distinguished boundary of the polydisk D?. For any ¢ € L®(D), the Toeplitz 


operator Tọ on L2(D) will be defined as following: 


Tof = P(ġf), for any fe T3(D). 


Here P is the projection from L?(D) to L?(D). For any  € L®( T°), the Toeplitz operator 


Ty on H?( T?) will be defined similarly. That is, 


Tyf =P(bf), for any f € Ħ?(T?). 


Again P denote the projection from L?( T?) to H?(T°). 

As we said before, the structure of the lattice of invariant subspaces of T, € B(L?(D)) 
has attracted a lot of attention from operator theorists and function theorists. Many results 
have been found(see [42] [43] [44]). Similarly a lot of work also has been given towards the 
description of the lattice Lat(T,) N Lat(T,,) for Toeplitz operators T, and Ty on Hardy 
Space H?(T?). (Consult [1] [18] [15] [36] [37] [50] [51] [67] [67] [10]) In [83], It is shown that 
the Bergman Shift is a super-isometrically dilatable operator with minimal super-isometrical 
dilation triple {T,, Tu, H?(T7)}. A natural question arises: what is the relationship between 
these two invariant space lattices. In this paper, we will study this relationship. We will 
derive an equivalent formulation for the invariant subspace problem, and we also prove a 


result about T}, Tw similar to that of the Bergman shift (see [28]). 
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4.2 Some properties and an equivalent description of the invariant sub- 


space lattice for the Bergman Shift 


From [83], we have 
L?(D) X H?(T?) 6 clos{(z — w)H?(T*)} = H, 


where H = span{p,(z,w): pn = 2% + 2% 1w+--++w", n > O}-. The Bergman 


Vhen on the space H with orthogonal base 


{en(z, w) = TATP w)}too. We have 


shift T is the weighted shift Ten 


PTT? |n = TH, 


and 


Ti |n = Tyln = T”. 


Here T, and T,, are the Toeplitz operators on H?( T?) consisting of multiplication by z and 
w, respectively. Py is the orthogonal projection from H?( T?) to H. Let’s define a map 7 


from Lat(T) into the set of all subspace of H?( T?) as follows: 
n(M)=M @clos{(z — w)H?(T?)} for any M E Lat(T). 


Now we have: 


Proposition 4.1:The map ņ defined as above is an one-one map from Lat(T) into 
Lat(T.) N Lat(Ty). 


Proof: For any M € Lat(T), and any z E€ n( M), since 


n(M) = M @ clos{(z — w)H?(T?)} 
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we have there exist m € M and h € clos{(z — w)H?(T?)} such that r = m + h. Since 


PHT. = T and 
H?( T?) = H @ clos{(z — w)H?( T?) 
clos{(z — w)H?(T”)} € Lat(T,) N Lat(Tw) 
we have 
Th € clos{(z — w)H?(T?)}, 
and 


T,m = PyT,m + (I — Py)T.m € M + (I — PyyH?(T?) 
= M + clos{(z — w)H?(T’)}. 
Hence n( M) € Lat(T,). A similar argument shows that n(M) € Lat(T,). 
On the other hand, if M 9 clos{(z — w)H?(T*)} € Lat(T,) A Lat(T,,), for any m € M, 


y E H?(T?) © M = (H 8 M) Gclos{(z — w)H*?(T?)}, we have o E€ HOM, h € clos{(z — 


w)H?(T?)}, such that y = o+ h. We now compute: 
< PyT.m,y >=< PyuTzm,o+h >=< PyT.m,o >=< T.m,o0 >= 0. 


Hence, PTM C M;i.e., TM C M. Hence, 7 is a ont-to-one map. 

By Theorem 1 in [73], we know that if Mı, M2 E Lat(T), then there is a unitary 
operator V from Mı onto Mə such that V(T|m, = (T|m,)V if and only if Mı = M2. We 
have n( Mı) = n( M2); i.e., they are equivalent; i.e., there exists a unitary operator U from 


n( Mı) onto n( M2) such that 
Te|n(M2)U = UT 2\n(.M;) and 


Tulemaa) U = UTolnm): 
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Before we continue, let’s introduce the following definitions: 


Definition 4.1: Let S € Lat(T,)  Lat(T,,) (C H?(T7)). We say S is of full range if 
span{(M*)S;j > 0}" = L7(T,z) @ H?(T,z) 
span{(Mz)'S;j > 07 = 1(T,w)@H*(T,w) 
where M, and M,, are multiplication operators on L?( T°). 
Definition 4.2: Let T € L(H), we say Lat(T) is saturated if for any My, M2 E Lat(T) 
with Mı C Mə and dim( M2 © Mı) > 2, there exists a invariant subspace M € Lat(T) 
such that Mı Cz M Cy Mao. 
Because of the universal dilation property of the Bergman Shift(see [14]), the invariant 


subspace problem is equivalent to the problem if Bergman Shift is saturated. We have the 


following result. 


Lemma 4.1: IfU = M 6 clos{(z — w)H?(T")} € Lat(T,) N Lat(T,,), then U is a full 
ranged subspace of H?(T*). 


Proof: Because of the symmetry of z and w, we only need to prove 
span{(M})'U; j > 0} = L(T. 2) @ H'(T”). 
We need to prove 
span{( M7) {(z— w)H?(T")};5 > 17 = LT, z) @ R?’ (T?). 


Since (1—Zw) = M}(z—w) is an element of the set on the left of the last equality and since 
this space is invariant for M,, Mž and M,, the left side is invariant for Mz,. Let y = Zw. 


Since (1 — y) is an outer function for H?(T, y) (see,[46, P76]) we have 
span{y'(1— y); l > 0}" = H7(T?, y). 
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Since 
< (zw)!, (Zw)* >p2(7y@12(7)= fik =< Y, YË >LT) 


we have 1 € span{y’(y — 1); j > 0} C L?(T,y). Hence, 


1 E H?(T?,y) 


C span{(Mz)’{(z — wH? (TIH 
We see then that 


L?(T, z) 9H? (T, w) 
= span{ M} M}, -1;i> 0,j is any integer} 


C span{( M3} {(2 - w)H*(T?)}}-. 


We are done. 

We say two subspaces M; € Lat(T) are equivalent if T|m, and T|m, are unitarily 
equivalent. 

Proposition 4.2: Assume Mı and M2 € Lat(T). The following are equivalent. 

(a) Mı, Mə are unitarily equivalent; 

(b) Mi = Mz; 

(c) (Mı) and n( M2) are equivalent; 

(d) (Mı) = (M2) 
Proof: From Theorem 1 in [73], we have (a) <=> (b). Now (b) => (c), and (d) => (b) 
follows from Proposition 1. Now (c) => (d) follows from Corollary 2 in [1] and our lemma 


4.1. We are done. 
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Corollary 4.1: The invariant subspace question is the same as if {M_e Lat(T,)N 
Lat(T,,) : clos(z — w)H?(T?) C M} is saturated. 

The following will discuss some properties about these invariant subspaces. From Theo- 
rem 2 in [36] and Theorem in [67], we know that for any M € Lat(T,)N Lat(T,,) only one 
of the following is satisfied. 

(a) There exists an inner function f € H?(T?) such that M = fH?(T?). Note M has 
this form 

if and only if T,|,4 and T,,|,, are double commuting operators. We call this kind of 
space a H? — type space. 

(b) M is an ultraevanescent type(see [36] for the definition) invariant subspace and T;|m, 
Tolm are non-doubly commuting shifts on M. 

A natural question arises. Is the invariant subspace Mı 6 clos{(z — w)H?(T?)} is an 
H?-type space or an ultraevanecent type space? The following proposition will help us 


answer this question. 


Proposition 4.3:If U = M @ clos{(z — w)H?(T”)} € Lat(Tz) N Lat(T,,) then U is an 
H? — type subspace if and only if U = H*(T?). 
Proof: The sufficiency is obvious. Let’s prove the necessity. If U #4 H?(T?) and is a 
H? — type space, then we have an inner function f such that YU = fH?(T?). Now by 
Corollary 1 in [1] we know that U and H?( T?) are unitarily equivalent. From our previous 
lemma and Corollary 2 in [1], we have U = H?( T?), a contradiction. 

Now let’s consider the other candidate for a universal dilatable operator which is also 
super-isomrtrically dilatable operator. To do this let’s consider the restriction of a super- 


isometrically dilatable operator to one of its invariant subspaces. 
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Proposition 4.4: If T € C(H) is a super-isometrically dilatable operator with minimal 
dilation triple {U,V,K}, then for any M € Lat(T) N Lat(T*), the operator T| m is also 
super-isometrically dilatable, with the minimal super dilation triple {U|r,V|r, R}. Here 
R = span{U'V3M;i,j > 0}-. 

Proof: Since T has the minimal dilation triple {U,V,K}, then U and V are doubly com- 


muting operators on K. Since PyU'V?|y = T'+ and M € Lat(T), we have 


PuU'V'|m (Pm is from K onto M) 
= Py PyU'V! |m 
= PyT't|\y (Pau is from H onto M) 


= (Tlm) ". 


Now U*|n = V*|w = T* and since M is a reducing subspace of T, we have for any z € M 
that U*2 = T*x = (T|m)*z. Hence, U*|m = (T|m)*. Similarly we have V*|m = (T|m)*. 
It’s not difficult to check the minimal Dilation space is R and the minimal Dilation triple 
is {U,V,R}. We are done. 

Now let’s look at the Toeplitz operator T,n on Bergman space L?(D). From Theorem 2 


in [59] or Theorem 3.3, we know its reducing subspace lattice has the form 
span{(T.n)'{z"1, z'2,---,2"*};1 > 0} 


with 0 < k < (n—1) and 0 < i; < (n— 1) for j = 0,1,---,k. Let My, = span{T!,2z*;1 > 0}. 


It’s easy to check that 


TARE VJmn+k+1 
SOT nr eee 


hin1(Z) 
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where {hin(z)} 7% = {Vmn + k + 1z™™**} t2. From Chapter X. in [14] we know Man| m, 
is also a universal dilatable operator, and by Theorem 1 in [83], for any inner function f 


with finite order, the operator Ts on Bergman Space is super-isometrically dilatable. Thus 


Tn is super isometrically dilatable. Using Proposition 4, we now have: 


Proposition 4.5:For any n > 1, and 1 < k < n we have that Tan|m, is super- 


isometrically dilatable weighted shift which also has the universal dilation property. 


4.3 On interpolating sequence on bidisk 


A sequence {zn} C D is called an interpolating sequence for H” if for each bounded 
sequence of complex numbers {w,} there exists ¢ € H™ such that ¢(z,) = wn for all n. 
Carleson [22] gave the following geometric characterization of interpolating sequences for 


H®™®. For z,w E€ D, let 





Bee 1-Zw 





a 


be the pseudo-hyperbolic metric on D. If I = {e° : 09 < 6 < 09 +a} is an arc on OD whose 


length= |Z| = a, let 
S(I)= {ref :1-a<r< 1,00 < 0 < bo +a} 
be the approximate square with base J. If a > 1, we set S(I) = D. 
Theorem[Carleson [22]]. A sequence {zn} C D is an interpolating sequence for H® 
if and only if there is ane > 0 and K < œ so that 


P(2n,2m) > € for all n#m and 
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E 1- l2?) < KU 


zn€S(L) 
for all arcs I C OD. 


Now let 
A™™? ={f analytic in D 7) IADA = |2/?)?" dd A(z) < 00} 
D 


for each n > 0. The sequence {zn} is a set of interpolation for A~”? if for every sequence 
{an} for which (1 — |z,|7)?"*+"]a,|? < oo there exists a function f € A~”? such that 


f(2n) = an for all n. We say that a sequence [ = {zn} is uniformly discrete if 
infj¢kP(2j,2%) > 0 
For a uniformly discrete sequence [I = {z,} and number A <r<l let 


< 1 
Lat <|zn|<r KIF | 
D(T,r) = ae ieee 


logy 


For each z € D we define a new sequence 





We call 


D (1) = lim, _.,infzepD(T 2,7) 


and 


Dt (Tr) = lim,18upzep D(Tz, r), 


the lower and upper uniform densities of I, respectively. In [77] Seip obtained the following 


result. 
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Theorem[Seip] A sequence T of distinct points in D is an interpolating sequence for 
A-™2 if and only if T is uniformly discrete and D*(T) < n. 

When n = 3, Seip’s theorem will be a special case for our standard Bergman space 
result. A natural question arises: What are the interpolating sequences for the Hardy space 
on the bidisk? Little is known. In the following part of this section, we will use Seip’s 
theorem and the super-isometrcally dilatability of the Bergman shift to study a special 
case of this question. From our result, we will see the characterization of an interpolat- 
ing sequence in the Bergman space is just a special case of the Bidisk case. We will see 
that the corresponding question about Bidisk is much more difficult. The following theo- 


rem coming from [83] is essentially due to R.G.Douglas and V.I.Paulsen (Lemma 5.5 of [29]). 


Theorem 4.0: Recall for each integer n, that 
Palz w) = 2" +2" 'wt--- tw", 


and T,, Ty stand for the analytic Toeplitz operator, multiplying by z and w, respectively, 
on H?(T?). If 

H = span{p,(z,w),n = 0,1,2,---}"(C H?(T?)). 
Then 

H?(T*) = H @ clos{(z — w)H?(T?)}. 

Moreover, {T;, Tu, H?(T?)} is the minimal super-isometric dilation of the Bergman shift 
M. 
Proof: We prove the decomposition about H?(T?) first. Assume that f(z, w) € H?(T?), 
f(z,w) = y eydy w = Ero n(z, w), where Qn(z,w)is a homogeneous polynomial of 


1t,j=0 
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degree n. Obviously, 
Q(z w) L Qi(z,w), for k£l. 


If Q,(z,w) L (z — w)H?(T?), we have 
< Qn, (z — wH? (T?) >=< (T> — T7)Qn, H’ (T?) >= 0. 


That is, 


T> Qn(z, w) = Ti Qrl(z,w) 


r (gare) eg ae), 


t+j=n ij=n 


or equivalently, 


n Ti 

i—l, n-i _ „in nit 
5 ye w = > aini? W 
:=1 


7=0 


n—-l n-1 

1. n—t—-1l __ 1, n—t—l 
` Qi41,n-i-1% W = 5 Qi n—i? W : 
7=0 1=0 


Hence, we have 


Qi+1,n—i—1 = Gin-1 b= 0, l; 25 Hm= 


Thus, 


Qo,n = @1n-1 = 42,n-2 = °° = Ano = an 


and 
Qn(z,W) = Anpn(z, w). 


Therefore, if f(z, w) L (z — w)H?(T’), then we conclude 


f(z, w) = 5 anPn E H. 


n=0 


63 


This yields the asserted decomposition about H?(T?). 


Now consider the operator PyT,|4. We have, 














z+w Z—- WwW 
PyTel = Pa ( 5 + z ) 
AFU 1 lzt+w 
a T 


O e. j 
V2 v2 
In general, it is easy to see by this computation that 


22s an ey 
Vn” s n+2yn+2 att 
zetl L rti t ety — ttl p -e zy — wt! 


(n+2)/n41 





Pu. 


) 


s 


n+l Pny 
n+ n + 








Hence, PT, is actually the Bergman shift M on H with respect to the base 


aes calle = 0,1,2,---.} f 
Similarly, PuTuļ|n = M. At the same time, we find that 
T,T* zw = 7T,2w)7! = z'tlw l = T*T,2'w!, Vi > 0, j 20, 
TI = TIF =0, for all i>0. 
It follows that T,, T,, are doubly commuting isometries on H?(T?). It is easy to see that 


kerT? ( \kerT = {al:a € C}. 


Moreover, we have 


1 1 n 1 
T E a app EE 
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and consequently 


Tilly = Tn = M”. 
Noting that clos{(z — w)H?(T?)} is invariant for T, and Tw, we can check that 
PHTiT? \y = MY. 


Since H?(T?) = span {Zijo aijz'wi } = span fE; jo win}, by Proposition 1 in [83], 
we conclude that {T;, Tu, H?(T?)} is the minimal super-isometric dilation of the Bergman 
shift M. 

We say a sequence {(2,,wn)} in D? an interpolating sequence for Hardy space H?(T?) 
2 


if for every sequence {an} for which 57(1 — |znwn|)?lan|? < œ, there exists a function 


f € H?(T?) such that f(zn, Wn) = an for all n. Now we have 


Theorem 4.01: For any sequence {zn} in D, the sequence {(zn, 2n)} is an interpolating 
sequence for Hardy space H? (T?) if and only if {zn} is an interpolating sequence for the 
Bergman space L?(D). 


Proof: From Theorem 4.0, we see that 
L?(D) = H?(T?) 6 clos{(z — w)H?(T’)} = H. 
Now let’s define a map U from L?(D) to H by setting 


+00 +20 
1 
U (5 anv n + Te") = X dn —— Pn 
n=0 nzo Vn+l 


for any sequence {an} for which 


+00 
D lan|? < +00. 


n=0 
Since {yn + 12z”} is an orthogonal base for L2( D), and flr} is an orthogonal base 


for H, it’s obvious that the map U is a unitary operator between these two spaces. If 
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{zn} is an interpolating sequence for L?(D), it implies for any sequence {an} for which 
S-(1 — |zn|?)?|an|? < œ there exists a function 
+00 , 
f(z) = X fivi + 1z? 
j=0 


such that f(2n) = an. Hence, we can choose function 


1 
g(z,w) = (U f)(2, wE iye 


in H such that 
9(2n, Zn) = Sip (zn +alle +++ 24) 
;=0 


1)z,, 


= -$5 FAC + 

= S ied + 123 
j=0 

=F ( ey) = Ons 


Using the inverse of U, we can prove the other direction of this theorem using a similar 
argument. 


Now combining the theorem 4.01 and Seip’s theorem, we have 


Theorem 4.02: For a sequence T = {z„} of distinct points i in D, the sequence 
{(2n,2n)} is an interpolating sequence for H*(T?) if and only if T is uniformly discrete 
and Dt (T) < 4 

Remark: As in the Bergman space setting, we can easily prove any interpolating se- 
quence for H?(T?) is a zero set. Note the characterization of a zero set is also much more 
complicated than Bergman space. One of the well known results in this area is that a zero 


set is submanifold of C?. 
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4.4 On equivalent class 


In this section, we will examine a special case in which both the canonical model and 
the minimal super dilation model are unique. The only restriction about this special case 
is the commutant {U,V,U*,V*}' in £(X) is trivial. A corollary of this work shows a new 
property of the Bergman Shift. In Hardy space a similar property has been proved in [28]. 
Let M be an invariant subspace of T € L(H) and set O to be the complement H © M, and 
set S = PoT|o. The super dilation of T is also an isometric dilation of S Hence it also pro- 
vide a canonical model for S. We will show it is also unique. In fact the super dilation itself 
is also unique for S. We will use the basic results about super isometrically dilatable oper- 


ators in [83] and Theorem 2 in [28] to prove our conclusion. The following is our main result. 


Theorem 4.1: Suppose Mı and Mə are two invariant subspaces for T, a super iso- 
metrically dilatable operator on Hilbert space H. Also suppose the minimal super dilated 
triple is {U,V,K} with the commutant {U,V,U*,V*}’ trivial. There exists a unitary opera- 
tor V:O,-— > O2 satisfying VS; = S2V if and only if Mı = Mə if and only if O, = O2. 


Proof.From Proposition 2 in [14], we know 
K=HO@{h: U*h=V*h and h L H} @clos{(U — V)K}. 
From the definition of a super isometrically dilatable operator we have 
Py" V2 in = TY, 
where Py is orthogonal projection from K to H. Hence, we have 
Po;T|o; = Po;(PkU\n)lo; and 
Po,Tlo, = Po(PuV \n)lo;, 
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(i = 1,2), where Po, is orthogonal projection from H to O;. Since O; is a subspace of H 
(i = 1,2), we have 


Po,T\o; = Po U |o; 


and 


Po,T\o, = Po,Vlo;- 
Now the projection on the right hand side is from K to O;, hence, we have 
V(Po, Ulo) = (Po,U|o,)V 


and 


V(Po,Vo,) = (Po, Vlo, )V. 


On the other hand, 


K=M,9 {h: U*h=V*h and h L H} 6 clos{(U —-V)K} @ O1, and 


K = M29 {h:U*h=V*h and h L H} 9 clos{(U — V)K} @ Op. 


Now we will prove K © O; are invariant subspaces for both U and V, (i = 1,2). For 
any x € KOO, Let r = m@h@K, where m € Mı,k € clos{(U—-V)K}, and h € 
{h:U*h=V*h,h L H}. 

We will prove Uz € K 9 04, to do this, let’s prove Uk € caLK © O4, Uh E K GQ, and 


Um € K © O respectively. It’s easy to see 
Uk € clos{(U - V)K} CKO 0. 
Now for any y € H, by the definition of a super isometrically dilatable operator, we have 
U"ln = V" ln = T*. 
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Hence 


U*yEu 


and 


< Uh,y >=< h,U*y >= 0. 


This implies 
UhEKGHCK AQ. 


For Um, since 


PHU|y =T 
and Mı C H and Mı E Lat(T), suppose 
Um=m Bogh ek 
with o € O4, we have 
Tm = PyUm=m' Goce My, 


hence, o = 0 i.e., Um € K © O,. The same argument for V, and for K 6 O2, do the same 


thing. Now everything in Theorem 2 of [28] is satisfied. We are done. 


As an application of the above theorem, we now consider the Bergman shift. Let L?(D) 
be the Bergman space and let H*(T*) be the Hardy space on the polydisk D*, and let 
P,(2,w) = 2"4+2"-1w4+---4+w", T, and Ty stand for the analytic Toeplitz operators, multi- 
plicating by z and w respectively on H?(T*). Let H = span{P,(z, w), n = 0,1,2,3,---}7(C 


H*(T*)). By Theorem 2 in [14], we have 


L?(D) = H?(T?) 6 clos{(z — w)H*(T”)} =H, 
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and the triple {T,,T,,, H7(T*)} is the minimal super isometric dilation of the Bergman 
shift. It is not difficult to check this dilation satisfies the hypothesis of the last Theorem. 
Hence, we have the following result. 

Corollary 4.1: Let Mı and Mə be invariant subspaces for the Bergman shift on Bergman 
Space L?(D), Let O; = L?(D) © M;, and Po, be the projections from L?(D) to O;, then 
there exists unitary operator V from O, to O2 such that {Po,Mz|0,)V = V(Po,M.|o,) if 


and only if O, = O2 if and only if Mı = M2. 


Remark.Douglas and Foias’s proof for the corresponding Hardy space setting depend on 
the properties of the appropriate isometry. This can’t be used here, as a super isometrically 
dilatable operator generally is not an isometry. For example, the Bergman shift. Even it is 


an isometry it may not be super isometrically dilatable, for example the unilateral shift. 
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